We study block-transitive point-imprimitive designs. Cameron and Praeger showed that in such designs t = 2 or 3. In 2000, Mann and Tuan showed that if t = 3 then v ≤ k 2 + 1. In this paper, we show a finiteness theorem for block-transitive point-imprimitive 3-designs for which this bound is met. We prove that for a given natural number n, there are only finitely many numbers k of the form np α − 1, where p is a prime number, such that there exists a block-transitive point-imprimitive 3 − k 2 + 1, k, λ design.
Introduction
For positive integers t, v, k and λ satisfying k > t and v > k, a t-design D with parameters (v, k, λ) is a set P of v points, together with a collection B of subsets, called blocks, such that each block contains exactly k points and each t-tuple of points is contained in exactly λ blocks. A t − (v, k, λ) design is simple if repeated blocks are not allowed and is non-trivial if not all k-sets of points are blocks. In this paper, all the designs are supposed simple and non-trivial.
For a design D, the automorphism group Aut(D) consists of all permutations of P that leave B invariant. An automorphism group of D is a subgroup of Aut(D). For a survey on the automorphism group of block designs, one can see [2] . If an automorphism group G ≤ Aut(D) acts transitively on blocks, then by a result of Block [1] , this group G acts transitively on points. In this case, D is said to be block-transitive.
imprimitively on points, that is, G preserves a set C of d imprimitivity classes of size c (v = cd). Then the sizes of the intersections of each block with the imprimitivity classes determine a partition of k, say x = (x 1 , x 2 , . . . , x d ) with x 1 + x 2 + · · · + x d = k. In [3] , Cameron and Praeger observed that if we replace G by a bigger group G which is the wreath product S c S d and B by the set B of all images of blocks under the action of G , then the new design D is a t −(v, k, λ ) design for some λ ≥ λ and the action of G makes D a block-transitive point-imprimitive design with the same imprimitivity classes and the same partition x. Note that knowing c, d and x, we can determine completely the design D . Thus we can represent D by C P(c, d, x ) which was called a Cameron-Praeger design by Camina [2] .
In 1989, Delandtsheer and Doyen [4] showed that a block-transitive point-imprimitive 2-design satisfies
The designs with v = k 2 − 1 2 exist for every k > 2. Those with λ = 1 have been classified in [7] and [8] . Recently, Mann and Tuan [5] proved a stronger inequality conjectured by Cameron and Praeger [3] .
In [9] , Praeger proposed the problem of classifying the block-transitive pointimprimitive 3-(v, k, λ) designs with 3 < k < v − 3 and v = k 2 + 1. For more information on this problem, see [3, 5, 6] and [10] . In [3] , Cameron and Praeger constructed infinitely many such designs when c = 2 and also when d = 2. From now on, we are interested only in the case when c > 2 and d > 2. Table 1 List of all the good numbers k for k < 10 000 A natural number k is called a good number if there exists a block-transitive pointimprimitive 3-design with parameters k 2 + 1, k, λ for some λ. We will show the following theorem.
Theorem 1.2. Suppose that k is a good number. We note p
Here is an application of this theorem.
Theorem 1.3. There are only finitely many good numbers k of the form np α − 1, p is prime, for a given number n.
A simple search gives us the following corollaries.
Corollary 1.1.
There is no good number k of the form np α − 1 with 1 ≤ n ≤ 10 and n = 7.
Corollary 1.2. If k is a good number of the form
A list of all the good numbers k with k < 10 000 is also give in Table 1 .
Proof of main theorems
If k is a good number then by Proposition 1.1 there exist integers c, d and a sequence
Conversely, if for a number k, there exist integers c, d and a sequence x satisfying the previous equations, then the design C P(c, d, x) is a block-transitive point-imprimitive 3-design with parameters (ii) For all values c ∈ A, we test whether there exists a sequence x which satisfies the equations above. If the answer is yes for some c ∈ A, then k is a good number. Otherwise, k is not a good number.
Using this algorithm, we obtain the list of all good numbers k < 10 000 in Table 1 . In this table, the first column gives the values of good numbers k. The next three columns give an example of (c, d, x) which allows us to construct a block-transitive point-imprimitive 3-design with parameters Proof of Theorem 1.2. We note q = k + 1. Then 2cd = q 2 − 3q + 4. Further, for every integer x, 6 divides x(x − 1)(x − 2). Thus q divides 2(c − 1)(c − 2).
Since (c −1, c −2) = 1, we deduce that p 1 p 2 divides q. Since q divides 2(c −1)(c −2), q divides 2 p 1 p 2 . So we can write q = p 1 p 2 with ∈ {1, 2}. Now let q 1 = (q, c − 1, d − 2) and q 2 = (q, c − 2, d − 1). We shall now prove that q = Nq 1 q 2 for some N ∈ {1, 2, 4}. We distinguish two cases. If = 1 then using the equality 2cd = q 2 − 3q + 4, we have We begin with the simplest cases where q 1 = 1 or q 2 = 1.
The equality 2cd = q 2 − 3q + 4 now implies:
An examination gives the following triples: (k, c, [3, 10] shows that only the case (27, 16, 22) exists. We check directly that in this case, q < min{184q
An examination gives the following triples: [3, 10] shows that only the cases (27, 8, 44) and (27, 22, 16) exist. We check directly that in these cases, q < min{184q 3 1 , 184q 3 2 }.
From now on, we suppose that q 1 > 1 and q 2 > 1. Since (q 1 , q 2 ) = 1, there exist natural numbers a and b such that aq 1 − bq 2 = 1 and 0 < a < q 2 , 0 < b < q 1 .
We write
Since c 
Since 2cd = q 2 − 3q + 4, we deduce
We also have
Three cases can happen. 
Thus c divides (N 2 q 2 2 + 3Nq 2 a + 4a 2 ). Since N ≤ 4 and 0 < a < q 2 , we have
Thus c divides (
Case 1 proves that q < 184q Case 3 (m > 0 and n > 0). First, from (1), we deduce that q 1 divides 2(−ab + 2m + n + 1) + 3N. Moreover, bq 2 = aq 1 − 1 ≡ −1(mod q 1 ). Thus q 1 divides 2a + (4m + 2n + 2 + 3N)q 2 . Since N ≤ 4, 0 < a < q 2 and 2mn < N 2 , we obtain q 1 ≤ 2a + (4m + 2n + 2 + 3N)q 2 < 46q 2 . Hence q ≤ 4q 1 q 2 < 184q 2 2 < 184q 3 2 . Second, from (1), we deduce that q 2 divides 2(−ab + m + 2n + 2) + 3N. Moreover, aq 1 = bq 2 + 1 ≡ 1(mod q 2 ). Thus q 2 divides −2b + (2m + 4n + 4 + 3N)q 1 . Since N ≤ 4, 0 < b < q 1 and 2mn < N 2 , we obtain q 2 ≤ −2b + (2m + 4n + 4 + 3N)q 1 < 46q 1 . Hence q ≤ 4q 1 q 2 < 184q 2 1 < 184q 3 1 . To summarize, we have shown that k is bounded by 184q 3 1 and 184q 3 2 . Since q 1 ≤ p 1 , q 2 ≤ p 2 and k = q − 1 < q, k is bounded also by 184 p Proof of Theorem 1.3. Let k be a good number of the form np α − 1. Then q = np α . Since q = p 1 p 2 with ( p 1 , p 2 ) = 1, we imply that either p 1 ≤ n or p 2 ≤ n. Theorem 1.2 shows that k is bounded by 184n 3 , hence the theorem.
